The leading order of the large N limit of the O(N) symmetric phi-six theory in three dimensions has a phase which exhibits spontaneous breaking of scale symmetry accompanied by a massless dilaton which is a Goldstone boson. At the next-to-leading order in large N, the phi-six coupling has a beta function of order 1/N and it is expected that the dilaton acquires a small mass, proportional to the beta function and the condensate. In this note, we show that this "light dilaton" is actually a tachyon. This indicates an instability of the phase of the theory with spontaneously broken approximate scale invariance.
The scenario where a quantum field theory can have a parametrically small beta function resulting in approximate scale invariance has attracted attention, particularly when the approximate scale symmetry can be spontaneously broken, generating a pseudo-Goldstone boson in the form of a light dilaton. For example, the notion that the tree level scale invariance of the SU (2) × U (1) electroweak theory is softly broken by the Higgs potential or dynamically broken by some physical mechanism beyond the standard model leaves the Higgs boson itself as the dilaton, with some testable physical consequences [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Walking techni-color [4] - [9] and confining and chiral symmetry breaking gauge field theories with approximate infrared conformal symmetry [10] are also scenarios where spontaneous breaking of approximate scale invariance could play an important role.
One of the prototypical examples of spontaneously broken scale symmetry occurs in the large N limit of the tricritical O(N) symmetric g 2 ( φ 2 ) 3 -theory in three spacetime dimensions which is an interesting quantum field theory in its own right. The g 2 ( φ 2 ) 3 interaction is scale invariant at the classical level. Its beta-function is of order 1/N and it is therefore suppressed at large N. As a result, g 2 ( φ 2 ) 3 remains exactly marginal at the leading order in the large N expansion and, at the next-to-leading order g 2 , it becomes a slowly running coupling and the theory is approximately scale invariant. The beta function, depicted in FIG. 1, has a trivial infrared fixed point at g 2 = 0. In addition, as was argued long ago [14] [15] [16] [17] [18] , it exhibits a nontrivial ultra-violet fixed point at g 2 = 192. The ultra-violet fixed point renders the field theory asymptotically safe in that the ultra-violet cut-off can be removed without forcing triviality [17] .
However, to complicate matters, Bardeen, Moshe and Bander [19] showed that, with sufficiently strong coupling, the infinite N limit of g 2 ( φ 2 ) 3 theory has a quantum phase transition to a phase where an O(N) singlet composite operator, 1 N φ 2 , gets an expectation value. This operator has a non-zero scaling dimension and its expectation value breaks the scale symmetry. The phase transition occurs at a critical value of the coupling, g * 2 = (4π) 2 ≈ 158 that is somewhat smaller than the ultra-violet fixed point, g 2 UV = 192. They also showed that the ultra-violet cut-off can be removed only when g 2 is tuned to their fixed point, g 2 → g * 2 . The condensate breaks the exact scale symmetry of that limit and they showed that the spectrum of the theory contains a massless dilaton. David, Kessler and Neuberger [20, 21] did a careful analysis of the phase diagram of the infinite N model. They also conjectured that, "for all finite N the BMB (Bardeen-Moshe-Bander) phenomenon does not survive". The latter is something that we shall demonstrate to be so in the following.
It was suggested in the original work of Bardeen, Moshe and Bander [19] that, if one considers the large, but not infinite, N limit, where the scale symmetry becomes approximate, in their strong coupling phase, the latter is represented as a spontaneously broken approximate symmetry and the dilaton becomes a quasiGoldstone boson, acquiring a mass of order 1/N. In this paper, we will examine this issue by studying the tricritical O(N) vector model in the leading and next-toleading order of the large N limit. Of particular interest will be the interplay between the loss of tune-ability of the coupling constant when it has a renormalization group flow and dynamical breaking of scale invariance which is driven by strong coupling dynamics and occurs at a specific fixed point. Our central conclusion will be that the "light dilaton" of this theory is actually a tachyon. This indicates an instability of the phase of the theory with spontaneously broken approximate scale invariance. Our computation is in complete perturbative control, at least in the context of a renormalization group improved large N expansion, when N is large enough. We note that, potential instability, based on the fact that this is ultimately a theory with a cubic potential was pointed out by Gudmindsdottir et. al. [22] .
The composite operator effective action was originally computed by Townsend [14] and our results are in agreement with his where they overlap, the main difference being that he studied O(N) symmetry breaking whereas we study the the massive phase which occurs near the tricritical point. The O(N) vector field will be denoted φ(x). We will find it convenient to describe the theory by two variables, the composite field χ(x) = 1 N φ 2 and an auxiliary field M (x), whose expectation value is proportional to the φ-field mass. Both χ(x) and M (x) have classical dimension one and
χ(x) is dimensionless. Whenever < M (x) > is not zero, the φ-field is massive and it does not obtain an expectation value. We will find that, at the leading and next-to leading order in the 1/N expansion, the renormalized background field effective action is
where g 2 (M ) is the running coupling at scale M and g * 2 (x), where x = M χ , is the scale invariant part of the non-derivative terms in the effective action, containing contributions of order one and of order 1 N . The ellipses denote contributions of order 1 N 2 or higher of any type and terms with more than two derivatives. Although χ is nominally a positive operator, an infinite normal ordering constant has been subtracted from it so that it can now be either positive or negative. The couplings have been tuned so that terms proportional to ( φ 2 ) 2 or φ 2 are absent.
To use the background field effective action (1) we should first solve the equations which determine its extrema,
Solutions of these equations are the classical fields which we shall denote by M 0 and χ 0 . If there are more than one solution (there will not be in our example), we should choose the solution where S, when evaluated on the solution, has the smallest real part. The expansion of the action in (1) in derivatives assumes that M 0 and χ 0 are non-zero and that they are slowly varying functions, sufficiently so that the expansion in their derivatives is accurate. (M 0 and χ 0 are usually constants.) Then, in order to compute a one-particle irreducible correlation function of the fields χ(x) and M (x), we take functional derivatives of the background field action S by the variables χ(x) and M (x), and we subsequently evaluate the resulting functions "on-shell" by setting χ(x) and M (x) to χ 0 and M 0 , respectively. This yields the renormalized, connected, one-particle-irreducible multi-point correlation functions of the quantum fields χ(x) and M (x). For example, the connected two-point correlation functions are found by inverting the one-particle irreducible two-point functions which are obtained as functional second derivatives of the effective action. They are thus given by
For example, we obtain the composite operator correlation function
Let us review a few interesting features of our results:
1. We are putatively working in the leading and nextto-leading orders of the large N expansion. The quantities in brackets in (1) 2. At this order in the large N expansion, the only renormalization group function entering the affective action (1) is the running coupling constant g 2 (M ) which is to be evaluated at the scale determined by the condensate.
3. The generic features of the result in equation (3) do not depend much on the details of the function g * 2 (x) in equation (1) . It relies only on the fact that its leading contribution at large N is independent of N and the fact that it is scale invariant, that is, it is a function of only the dimensionless ratio M χ and g 2 . Validity of the derivative expansion also requires non-zero χ 0 and M 0 as the classical solutions. When evaluated on the solutions of the equations of motion (2), g
. At leading order in large N, g * = 4π, the value of the coupling at the Bardeen-Moshe-Bander fixed point. 4 . When N goes to infinity, the beta function vanishes and g 2 (M ) becomes M -independent and tuneable. Consequently, at this limit, the action (1) has an extremum only when g 2 = g * 2 where the potential is flat and does not determine the scale. The fluctuations of the scale, M or χ, is in a flat direction and forms a massless dilaton. This is the Bardeen-Moshe-Bander solution.
5. The signature of the dilaton is the presence of the pole in the correlation function of φ 2 (x)φ 2 (y) in equation (3) . Note that the mass of this pole is proportional to the beta function, β(g 2 (M )). The latter vanishes at infinite N , leaving the dilaton massless in that limit.
6. For large but finite N, the pole in the two-point function (3) occurs at
The beta-function is positive, β(g 2 (M 0 )) > 0. However, the values χ 0 and M 0 which solve the equations of motion turn out to have opposite signs. That opposite sign results in the mass squared in the pole in the propagator in (3) having a negative sign and the dilaton has become a tachyon. The tachyonic mass indicates that the phase that we are describing unstable to fluctuations.
In the following, we will present our derivation of equation (1) and the simple computation leading from equation (1) to (3). We consider the Euclidean quantum field theory which has N real scalar fields φ = (φ 1 , φ 2 , . . . , φ N ) and O(N) symmetry in three space-time dimensions. The classical Landau-Ginzburg potential is given by
where 
To examine fluctuations, we consider the Euclidean functional integral
with the Lagrangian density
where µ = 1, 2, 3 and repeated indices are summed and we have introduced a source j(x) in order to use the functional integral as a generating functional for correlators of φ(x). In order to study the large N limit, we introduce two auxiliary fields by inserting
into the functional integral (5). This introduces two new fields χ(x) and m 2 (x) and it will allow us to integrate out the scalar field φ(x). We must be careful to note that the integration for m 2 is on the imaginary axis. We will find out and explicit form for the scale M 2 that was present in (1) as a function of m 2 . With these additional fields, the Lagrangian becomes
The φ-fields now appear in a quadratic form and we integrate them exactly to get an effective action
To find the partition function, it remains to integrate χ and m 2 ,
This would yield a generating functional where functional derivatives with respect to j give the correlation functions of the φ-fields.
We will study the region of the phase diagram where the O(N) symmetry is not spontaneously broken. Instead, there will be a condensates χ(x) and m 2 (x) which will result in a mass gap for the φ-field. To begin, it is instructive to put the source j(x) to zero and to write the effective action in (10) in an expansion in derivatives of the variable χ(x) and m 2 (x),
where Λ is the ultra-violet cut-off and the ellipses represent terms with more than two derivatives of m. We have dropped a constant term that is m 2 and χ independent. The effective action in (12) has an ultra-violet divergent Λ-dependent term which must be removed by renormalization. We can renormalize the expression by introducing counter-terms. This is accomplished by replacing V (χ) by V χ − Λ 2π 2 . Then, after a field translation, χ(x) =χ(x) + Λ 2π 2 , the cut-off dependent term cancels from (12) . Although χ(x) was originally a positive field,χ(x) can be positive or negative. We hereafter drop the tilde fromχ. The second, third and fourth terms in (12) are the effective potential for m and χ at the leading order in the large N expansion. In the remainder of this paper we will choose the potential V (χ) to be the specific dimension-three operator
where the counterterms will be needed to cancel divergences at higher orders in 1 N . With this choice, the field theory is scale invariant at the classical level and, since there are no logarithms in (12) , it remains scale invariant at the quantum level in the leading order in the large N expansion.
In the large N limit, we can use the saddle-point technique to evaluate the remaining functional integral (11) . The saddle points are field configurations which solve the equations of motion derived from the effective action (10) . We will use the notation χ 0 and m 0 to denote fields which satisfy the equations of motion. When the fields are constant, the saddle points are extrema of the renormalized effective potential obtained from (12) , The potential in (12) has a line of extrema, located at |m 0 | = −4πχ 0 and these extrema exist only when the coupling constant g is set to the Bardeen-Moshe-Bander fixed point at g → g * = 4π. To see this, consider the equation of motion for m. This equation does not involve the coupling constant. It has the solution
A massive solution exists only when χ is negative. Let us assume this is so. We can plug this solution into the effective action to get (We useŜ to distinguish this partially on-shell action from S in equation (14) and elsewhere.)
and ask whether there is now a solution for χ. When g > g * this expression has no extrema and for g < g * there is no spontaneous symmetry breaking( χ = 0). However at g = g * , the potential is flat and any (negative) constant χ 0 is a solution.
To find the effective action to the next-to-leading order in large N, we use the background field technique. To implement this technique, we do the substitution
and, following the recipe in [23] , we drop the linear terms in δχ and δm 2 . Then, the action expanded to quadratic order is
where
When m 2 is a constant,
Before we proceed, we can use the action (16) to study the spectrum of fluctuations in the infinite N limit. For this purpose, we invert the quadratic form in (16) and find the propagator
where, in the last equality, we have put the condensate on shell and the coupling constant equal to the fixed point value, 4π. The last expression reproduces the sum of bubble diagrams which would be expected from studying the Feynman diagrams for this correlation function. The massless pole is due to the dilaton which is a Goldstone boson for spontaneous breaking of the scale symmetry which is exact at this order in the large N expansion.
We can see that this massless pole is the only pole by studying the denominator of (20) .
in the complex −p 2 -plane. It is easiest to see from the integral representation of the function that the only zero is at −p 2 = 0. 'There is also a cut singularity on the positive −p 2 -axis beginning at 4m 2 due to intermediate φ-particle pairs.
To study the next order in the large N expansion, we do the Gaussian integral over the fluctuations in (16) to get the effective action
where the ellipses stand for corrections of order 1/N and higher. When we assume that the the source j and the classical fields m 2 and χ are constants, we obtain the effective action evaluated on constant fields,
Corrections represented by the ellipses in the last line of (23) are functions of 1/N 2 or higher order with m 2 , χ and j and terms with derivatives of m 2 , χ and j. The first line in (23) is the leading order in large N and the second line is the next-to-leading order. The integral in the next-to-leading order is ultra-violet divergent and renormalization is required. The linear term in the effective action in a Taylor expansion in j 2 /N is
where the parameter M is proportional to the renormalized mass of the φ-field. At this order in the large N expansion, the φ-field wave-function renormalization is finite. The prime on the integration in the third line means that the first two divergent terms which are written before it have been subtracted, resulting in a finite integral. (These divergent terms are the first two terms in a Taylor expansion of the integral in g 2 .) Keeping M finite as the ultra-violet cut-off is scaled to infinity requires that we take m 2 to be a divergent function of M 2 ,
where ξ 1 parameterizes the finite part of the logarithmically divergent integral. The effective action is
As before, the prime on the integral in the fourth line indicates that the term of order j 2 /N and the divergent terms which are written in the fifth line (these are the first, second and third order terms in a Taylor expansion in g 2 ) have been subtracted to render the integral finite. The terms that have been introduced by the mass renormalization are proportional to χ 2 + M 8π which vanishes on-shell. Here, we will first renormalize the effective action off-shell and then later on we will put the variables on-shell. We will find that the action is both on-shell and
We shall set j 2 = 0 and seek solutions of the equations of motion
There are three important lessons to be learned from the form of the effective action (27).
1. First of all, to this order in 1/N the theory is offshell renormalizable. The effective action that we have computed can be used to find the renormalized correlation functions of φ, χ, im 2 -fields where all external lines have vanishing momenta.
2. The second lesson is that scale invariance is indeed violated at next-to-leading order in large N, by the last two, logarithmic terms in (27). From those terms we can find the beta function for the
The effective action is a physical quantity, the volume times the energy of the theory when the fields are constrained to have certain expectation values. As such, it should not depend on the renormalization scale µ. This is so if g depends on µ in such a way that the action does not depend on µ. This yields
where the ellipses denote contributions of order 1/N and higher. This result matches the large N limit of the known perturbative beta-function [17] .
3. The third important feature of the effective action in (27) is that the argument of the logarithms in the µ-dependent terms contains only M and µ, and not χ. Moreover, its coefficient contains only χ 3 and does not depend on M . As a result of this structure, the equation of motion for M , (28), does not depend on µ, and it is therefore scale invariant. If we set j 2 = 0, δ δM S is a homogeneous function of χ and M and it is therefore solved by M = αχ whence it gives an equation for α. That equation is solved by α = −4π + δα where δα ∼ 1 N . We can write the effective action in the form
and the g-dependence is only in the higher orders in 1/N and can be substituted for its leading order g = 4π. Also, on-shell,
In − 3 term in the first line. In the last equality, we have used the leading order solution of the equation δS/δM = 0, which is ,
Then minimum of (31) occurs at
where we use equation (33) for g * . This solution is nonperturbative, both in the sense that, since β ∼ 1 N , it does not have a Taylor expansion in 1/N, and in the sense that, when it is substituted into the effective action, the logarithm produces a factor of 1 β ∼ N which invalidates the large N expansion. In higher orders, powers of ln M µ will produce factors of N which can cancel their large N suppression. This is similar to the phenomenon in the scalar field theory example in Coleman and Weinberg's work [24] on dynamical symmetry breaking. There, they used the renormalization group to re-sum higher order logarithmic terms to obtain a more accurate result. When they did, the extremum went away -there was no longer a symmetry breaking solution. In the present case, we will be more fortunate. What allows us to find a solution is the presence of g * in the action. To begin, we will use the renormalization group to sum the leading logarithms of perturbation theory to all orders. In this particular case, it is very simple. We replace the combination which occurs in the effective action,
by the running coupling at scale M , g 2 (M ), which is defined by integrating the beta function
The result of the integral, g 2 (M ), has a 1/N expansion and the leading terms reproduce (35). The corrections have higher orders in 1 N ln µ M . The renormalization group improved potential energy of the effective action is then the one given in equation (1), which we recopy here for the reader's convenience,
We will now study the states of the theory using this effective action. The equations of motion are,
where g * 2 is a derivative of g * 2 by its argument M/χ. M 0 and χ 0 are the solutions of these equations. We have dropped the derivative terms since we assume that the solutions will be constant fields.
Equations (37) and (38) imply
Equation ( N violation of scale invariance, and unlike the scale invariant infinite N limit, the values of these condensates are no longer arbitrary, but they are fixed by the value of the running coupling constant at some reference scale.
We substitute the solution into the effective action and then obtain We conclude our paper by summarizing our results. We found that, although at leading order in 1/N, phisix theory in three dimensions exhibits spontaneous scale symmetry breaking accompanied by a massless dilaton, at the next-to-leading order in 1/N, dilaton acquires a tachyonic mass and the spontaneously broken phase is therefore unstable. Our background field technique found the perturbative beta function of the O(N) symmetric g 2 (φ 2 ) 3 theory. The result agreed with the beta function originally found by Pisarski [17] . Our result is that the tri-critical behaviour which is described by the massless O(N) symmetric g 2 (φ 2 ) 3 theory is stable over a larger range of coupling constants that it is commonly thought to be. 
